We consider higher derivative gravity and obtain universal relations for the shape coefficients (fa, f b , fc) of the shape dependent universal part of the Rényi entropy for four dimensional CFTs in terms of the parameters (c, t2, t4) of two-point and three-point functions of stress tensors. As a consistency check, these shape coefficients fa and fc satisfy the differential relation as derived previously for the Rényi entropy. Interestingly, these holographic relations also apply to weakly coupled conformal field theories such as theories of free fermions and vectors but are violated by theories of free scalars. The mismatch of fa for scalars has been observed in the literature and is due to certain delicate boundary contributions to the modular Hamiltonian. Interestingly, we find a combination of our holographic relations which are satisfied by all free CFTs including scalars. We conjecture that this combined relation is universal for general CFTs in four dimensional spacetime. Finally, we find there are similar universal laws for holographic Rényi entropy in general dimensions. *
Introduction
One of the most mysterious features of quantum mechanics is the phenomena of entanglement. For system described by a density matrix ρ, entanglement can be conveniently measured in terms of the entanglement entropy and the Rényi entropy S EE = −Tr(ρ log ρ),
S n = 1 1 − n log Tr(ρ n ).
For any integer n > 1, the Rényi entropy S n may be obtained from
where Z n is the partition function of the field theory on a certain n-fold branched cover manifold. The Rényi entropy provides a one parameter family of entanglememt measurement labeled by an integer n, from which entanglement entropy S EE can be obtained as a limit
if S n is continued to real n.
The study of entanglement entropy and the nature of quantum nonlocality has brought new insights into our understandings of gravity. It is found that entanglement plays an important role in the emergence of space-time and gravitational dynamics [1, 2, 3, 4, 5] . In addition to entanglement entropy, Rényi entropy has drawn much attention recently, including the holographic formula of Rényi entropy [6, 7] , the shape dependence of Rényi entropy [8, 9, 10] , the holographic dual of boundary cones [11] and Rényi twist displacement operator [12, 13] .
Generally, for a spatial region A in a d-dimensional spacetime, the Rényi entropy for A is UV divergent. If one organizes in terms of the short distance cutoff ǫ, one finds it contain a universal term in the sense that it is independent on the UV regularization scheme one choose. In odd spacetime dimensions, the universal term is ǫ independent. In even spacetime dimensions, the universal term is proportional to log ǫ and its coefficient can be written in terms of geometric invariant of the entangling surface Σ = ∂A. In four dimensions, the universal term of the Rényi entropy has the following geometric expansion [14, 15] ,
Here the conformal invariants are
where σ, R Σ ,Kîĵ, C ab ab are, respectively, the induced metric, intrinsic Ricci scalar, trace-less part of extrinsic curvature and the contraction of the Weyl tensor projected to directions orthogonal to the entangling surface Σ. The shape dependence of the Rényi entropy is described by the coefficients f a , f b , f c , which depend on n and the details of CFTs in general. The coefficient f a can be obtained by studying the thermal free energy of CFTs on a hyperboloid [6] . The coefficients f c and f b are determined by the stress tensor one-point function and two-point function on the hyperboloid background [12, 16] . Remarkably, it is found in [16] that f c is completely determined by f a :
It was conjectured in [17] that
holds for general 4d CFTs. This conjecture has passed numerical test for free scalar and free fermion [17] . According to [12] , it seems that the relation (8) holds only for free CFTs. Evidence includes an analytic proof for free scalar. However, it is found to be violated by strongly coupled CFTs with Einstein gravity duals [9] .
In this paper, we apply the holographic approach developed in [9, 10, 13] to study the universal terms of the Rényi entropy for CFTs in general spacetime dimensions that admit general higher derivative gravity duals. For 4d CFTs, expanding the coefficients (f a , f b , f c ) in powers of (n − 1), we find the leading and sub-leading terms are related to parameters (c, t 2 , t 4 ) of two point and three point functions of stress tensors [18, 19] : 
It should be mentioned that the expansion (9) of f a has been obtained in [20] by using two-point and three-point function of the modular Hamiltonian. Here we provide a holographic proof of it. We note that (9) and (11) satisfy the relation (7) . This can be regarded as a check of our holographic calculations. We also note that t 2 = t 4 = 0 for Einstein gravity and the eqs. (10, 11) reduce to the results obtained in [9] in this case. To the best of our knowledge, the universal dependence of f b on the coefficients t 2 , t 4 as obtained in the relation (10) is new. This is one of the main results of this paper.
We remark that our holographic relations eqs. (9) (10) (11) are also satisfied by free fermions and vectors 1 . However, mismatch appears for free scalars. Actually, the discrepancy of f a in scalars has been observed in [20] , which is due to the boundary contributions to the modular Hamiltonian. It was found that the boundary terms in the stress tensor of scalars are important at weak coupling and are suppressed in the strong coupling limit [20] . Although eqs. (9, 10, 11) are not satisfied by theories of free scalars, we find that the following combinations 
are satisfied by all CFTs with holographic dual and all free CFTs including free scalars. We conjecture they are universal relations for all CFTs in four dimensions. Note that we have f
for free fermions and vectors. Numerical calculations support this assumption for free fermions [17] from eq.(7), therefore eq.(12) and eq. (13) are not independent. Without loss of generality, we focus on the conjecture eq. (12) in the rest of this paper.
In the notation of [12] , our conjecture (12) for 4d CFTs can be written in the form
where C T = 40 π 4 c, h n (n) and C D (n) are CFT data associated with the presence of the entangling surface. In general, for a d-dimensional CFT and an entangling surface Σ (codimension 2), one denotes the coordinates orthogonal and parallel to the entangling surface by x a and yî. The breaking of translational invariance in the directions transverse to Σ can be characterized by the displacement operators D a (yî). As a result, one has the following correlation functions [12] :
Here h n (n) is the coefficient fixing the normalization of the one-point function for the stress tensor in the presence of the twisted operator for the n-fold replicated QFT, and C D (n) is the normalization coefficient for the two-points correlation function of the displacement operators. In 4-dimensions, C D (n) and h n (n) related to the dependence of Rényi and entanglement entropy on smooth or shape deformations [8, 21, 22, 23] . The specific relation can be found in eqs. (2.12, 3.15, 3.19) of [12] .
It should be mentioned that unlike f c and f b which are defined only in 4 dimensions, h n and C D have a natural definition in all dimensions. Therefore it is natural to ask if by using them one can generalize the results (12) and (13) to other dimensional spacetime. The holographic dual of h n and C D for Einstein gravity and Gauss-Bonnet Gravity in general dimensions are studied in recent works [13, 10] . Applying their results, one can express h ′′ n (1) and C ′′ D (1) in terms of C T and t 2 . Recall that we have t 4 = 0 for Einstein gravity and Gauss-Bonnet Gravity. To get the information of t 4 , one has to study at least one cubic curvature term such as K 7 and K 8 in the action (64). Following the approach of [10, 13] , we obtain the holographic formulae of h n and C D for a d-dimensional CFT admiting a general higher curvature gravity dual:
where M e is the effective mass defined in eq.(122) and β n is the coefficient in the function k(r) in eq.(123) which describes a deformation in the extrinsic curvature of the entangling surface. It is remarkable that these relations take simple and universal form for all the higher curvature gravity.
By using the holographic formula of h n and C D , we find there are similar universal laws in general dimensions, which involves linear combinations of the terms C ′′ D (1), h ′′ n (1), C T , C T t 2 and C T t 4 2 . In general, we have for a d-dimensional CFT,
Note that the relation C
is obeyed by free fermions and conformal tensor fields 3 but are violated by free scalars. However similar to the 4 dimensional case, there exist 'universal laws' that include free scalar fields. For example, in three dimensions, we find
works well for free fermions, free scalars and CFTs with gravity dual. As for the 'universal laws' in higher dimensions, please refer to eq.(156). It is interesting to study whether these 'universal laws' are obeyed by more general CFTs.
The paper is organized as follows. In Sect.2, we study 4d CFTs which are dual to general higher curvature gravity and derive the relations between the coefficients (f
(1)) in the universal terms of Rényi entropy and the parameters (c, t 2 , t 4 ) of two point and three point functions of the stress tensors in the conformal field theory. In Sect. 3, we compare these holographic relations with those of free CFTs and find a combined relation which agrees with all the known results of the free CFTs. We conjecture this combined relation is a universal law for all the CFTs in four dimensions. In Sect. 4, we consider three and higher general spacetime dimensions and derive the holographic dual of h n and C D for general higher curvature gravity and discuss the universal behaves of h Notations: We use x µ (y i ) and g µν (γ ij ) to denote the coordinates and metric in the bulk (on the boundary). x a and yî are the orthogonal and parallel coordinates on the entangling surface. σîĵ is the induced metric on the entangling surface. For simplicity, we focus on Euclidean signature in this paper.
Holographic Rényi Entropy for Higher Derivative Gravity
In this section, we investigate the universal terms of Rényi entropy for 4d CFTs that are dual to general higher derivative gravity. We firstly take Gauss-Bonnet gravity as an example and then generalize the results to general higher curvature gravity. Some interesting relations between the universal terms of holographic Rényi entropy (HRE) and the parameters of two point and three point functions of stress tensors are found.
Gauss-Bonnet Gravity
For simplicity, we consider the following Gauss-Bonnet Gravity which is slightly different from the standard form
where
here), the quantitiesR ··· ··· are given bȳ
and I B denotes the Gibbons-Hawking-York terms which make a well-defined variational principle and the counter terms which make the total action finite.
An advantage of the above action is that, similar to Einstein gravity, the radius of AdS is exactly l. While in the standard GB and higher derivative gravity, the effective radius of AdS is a complicated function of l, which makes the calculations complicated. Below we set l = 1 for simplicity.
f a (n)
Let us briefly review the method to derive f a (n) [6] . We focus on the spherical entangling surface, where trK 2 and C ab ab vanish. Thus only f a appears in the universal terms of Rényi entropy eq.(5). The main idea is to map the vacuum state of the CFTs in a spherical entangling region to the thermal state of CFTs on a hyperboloid. The later has a natural holographic dual in the bulk, the black hole that asymptotes to the hyperboloid. Using the free energy of black hole, we can derive Rényi entropy as
where T 0 is the temperature of hyperbolic black hole for n = 1. Further using the thermodynamic identity, S = −∂F/∂T , we can rewrite the above expression as (27) where S BH (T ) is the black hole entropy. For our revised GB gravity (22) , it takes the form
where H denotes horizon and R H is the intrinsic Ricci scalar on horizon.
The key point in this approach is finding the black hole solution that asymptotes to the hyperboloid on the boundary. We get
where dΣ 2 3 is the line element for hyperbolic plane H 3 with unit curvature, and f (r) is given by
and r H denotes the position of horizon, f (r H ) = 0. Note that f (r) has the correct limit: it becomes that of hyperbolic black hole (black hole in Einstein gravity) when M → 0 (α → 0). In the large r limit, the boundary metric is conformal equivalent to
which is the expected metric on manifold
To determine r H , we note that the Hawking temperature on horizon is given by
From the above equation, one can easily get T 0 = 1 2π for the hyperbolic black hole with f (r) = r 2 − 1 and r H = 1. Now let us solve eq.(33) and express r H in terms of (n − 1) 
where V Σ is the hyperbolic volume, which contributes a logarithmic term V univ Σ = 2π log ǫ [6] . Now we can extract f a from eq. (35) as
where a = π 8GN and c = π 8GN (1 + 8α) [24] . In the above derivation we have used c − a c = 1 6 t 2 + 4 45 t 4 , for 4d CFTs (37) and t 4 = 0 for GB gravity. Clearly, eq.(36) agrees with eq.(9) when t 4 = 0. To get the information of t 4 , one must consider more general higher derivative gravity. We leave this problem to next section.
Notice that the O(n − 1) 3 terms of f a eq. (35) is a complicated function of a and c, which implies that there is no universal relations at this and higher orders. From the viewpoint of CFTs, terms of f a at order O(n − 1) 3 are determined by four-point functions of stress tensor [20] . Unlike two-point and three-point functions, four-point functions of CFTs are no longer universal. Thus, it is expected that there is no universal relation at order O(n − 1) 3 for f a . It depends on the details of CFTs at this and higher orders. Similarly, one expects there is no universal relation at order O(n − 1) 2 for f b and f c .
f c (n)
Now let us continue to derive f c (n). We take the approach developed in [9] . In general with a deformation of the field theory metric, the change in the partition function is govern by one-point function of the field theory stress tensor
The main idea of [9] is to consider specific deformation of the metric so that, on using (3), one may isolate the required shape dependent term in the universal part of the Rényi entropy. For example, f c can be isolated with a deformation that affects C Σ but not K Σ :
where · · · are non-universal terms of the Rényi entropy. This can be achieved by considering on the entangling surface the following metric
where Q abîĵ describes a deformation of the metric and give rises to an amount of C ab ab as
Here in (40), we have adopted a local coordinate system (ρ, τ, yî) near Σ, where for each point on Σ, we introduce a one-parameter family of geodesics orthogonal to Σ parametrized by τ , and ρ denotes the radial distance to Σ along such a geodesic. (x 1 , x 2 ) ≡ (ρ cos τ, ρ sin τ ) and {yî, i = 1, · · · , d − 2} denotes an arbitrary coordinates system on Σ. We note that in this computation of f c , the boundary metric (40) is conformal equivalent to a deformed conical metric.
To proceed with the calculation of f c (n), we consider the bulk metric that asymptotes to the deformed hyperboloid background (40):
where q(r) is determined by the E.O.M in the bulk and approach 1 in the limit r → ∞. Actually, to derive f c (n), we do not need to solve the E.O.M. That is because we already have
ab , so we only need zero order of T ij in eq. (38) in order to extract the terms proportional to C ab ab . In other words, we only need to calculate T ij on undeformed hyperboloid background.
We note that in the context of AdS/CFT, the stress tensor that appears in (38) can be taken either as the regularized Brown-York boundary stress tensor [25] or the holographic stress tensor [26] . The two are equivalent as we demonstrate in the appendix. In this section, we will consider the first approach. The key point is to find the regularized boundary stress tensor for our non-standard GB gravity (22) . Notice that our non-standard GB gravity (22) can be rewritten into the standard form, with only the coefficients of L 0 = 1 and L 2 = R different from the standard GB:
where L 4 (R) denotes the standard GB term. The holographic regularization for GB gravity is studied in [27] . Reparameterizing their formulas, we get for the Brown-York boundary stress tensor:
where Θ(x) is the step-function with Θ(x) = 1 provided x ≥ 0, and zero otherwise. K ij ∂M is the extrinsic curvature on the AdS boundary and Q ij is given by
Here R ∂M denotes the intrinsic curvature on the boundary.
Substituting eq.(44) and δγ
Similar to f a (n), we have used (36) are consistent with the identity (7). This can be regarded as a check of our holographic calculations.
f b (n)
Now let us go on to calculate f b (n). The method is similar to that of f c (n): we consider the first order variation (38) of the partition on the hyperboloid background deformed by an extrinsic curvature [9] and then extract f b (n) from
The main difference from f c (n) is that now we need to calculate T ij on the deformed hyperboloidH 4 n . This is because we have δγ ij ∼ K, thus to extract K 2 terms, we must get T ij of order K.
To proceed, we deform the boundary hyperboloid by a traceless extrinsic curvature
Then the bulk metric becomes
To get boundary stress tensor T ij of order O(K), we need to solve the E.O.M up to O(K). For traceless K aij , we find one independent equation
Near the horizon, the solutions behave like k(r) ∼ (r − r H ) n/2 . The solution is uniquely determined by this IR boundary boundary condition and the UV boundary condition lim r→∞ k(r) = 1. However, the IR boundary boundary condition k(r) ∼ (r − r H ) n/2 is not easy to deal with. Thus, we define a new function
and the E.O.M becomes
Now the regularity condition at horizon simply requires h(r H ) to be finite. Solving the above equation perturbatively, we get
with
3 − 85r + 27 r 2 + 24 r r 360r 3 − 155r + 69 + 4 + 20 α
where we have obtained solutions up to h 5 (r). For simplicity we do not list them here.
From eqs.(51,53,54), we can derive k(r). Expanding k(r) in large r, we find
Recall that δ log Z ∼ T ij δγ ij and (38) is calculated on the boundary with r → ∞. Thus, k(r) in the large r expansion is good enough for our purpose. Substituting eqs.(56,49,30,34) into eqs. (44, 38, 47) , we obtain
Similar to f c (n), we can rewrite f b (n) in terms of a and c or c and t 2 . We have
To end this section, we notice an interesting property of solutions to GB gravity (22) . Expanding in (n − 1), we find the solutions such as f (r) and h(r) are exactly the same as those of Einstein gravity at the first order (n − 1). Differences appear only at higher orders. As we will prove in the next section, this is a universal property for general higher curvature gravity as long as we rescale the coefficient of R as 1.
General Higher Curvature Gravity
In this section, by applying the methods illustrated in sect.2.1, we discuss the universal terms of Rényi entropy for CFTs dual to general higher curvature gravity. In general, it is difficult to find the exact black hole solutions in higher derivative gravity. Instead, we focus on perturbative solutions up to
2 . This is sufficient to derive f a of order (n − 1) 2 and f b , f c of order (n − 1). As we have argued above, it is expected that there is no universal behavior at higher orders, due to the fact that the higher orders are determined by four and higher point functions of stress tensor, which depend on the details of CFTs.
Let us consider the general higher curvature gravity I(R µνρσ ). We use the trick introduced in [24] to rewrite it into the form similar as eq. (22). This method together with [28, 29] is found to be useful to study the holographic Weyl anomaly and universal terms of entanglement entropy [24, 30, 31, 32] 4 . Firstly, we define a 'background-curvature' (we set the AdS radius l = 1 below)
and denote the difference between the curvature and the 'background-curvature' bȳ
Then we expand the action around this 'background-curvature' and get
constant defined by the Lagrangian for AdS solution, and c (n) i
are constants which parametrize the higher derivatives correction to the Einstein action up to third orders in the curvature with n denoting the order. Here L 4 (R) denotes the GB term
and K i (R) denotes the basis of third order curvature terms
We require that the higher derivative gravity has an asymptotic AdS solution. This would impose a condition c [24] . Using this condition, we can rewrite the action (62) as
1 L 4 (R) +c
Now it takes the form as eq. (22) . For simplicity, we ignore the notation˜below. The E.O.M of the above gravity is
4 For recent discussions on entanglement entropy and the scale invariance, please see [33] .
with P µαρσ = ∂L/∂R µαρσ .
A couple of remarks on action (66) are in order.
Firstly, it is clear the hyperbolic black hole which is locally AdS is a solution to action (66). That is becauseR µνρσ = 0 in AdS. We are interested of two kinds of perturbations: the first one is δg µν ∼ O(n − 1) related to f a , f c , and the second one is δg µν ∼ O (n − 1), K related to f b . Remarkably, we haveR µνρσ ∼ O(n − 1, K 2 ) 5 for the deformed metric (49) .
Secondly, we are interested of the solutions up to O(n − 1) 2 and O(K), or equivalently, the action up to O(n − 1) 3 and O (n − 1) 2 K 2 . As a result, we can drop the O(R) 4 terms in action (66) due to
Thirdly, at the linear order in O(n − 1, K), solutions to Einstein gravity are also solutions to higher curvature gravity (66). In other words, the parametersc (n) i do not appear in the solutions of order O(n − 1, K). Let us give a simple proof. Since
2 , obviously they do not contribute to the solution at order O(n − 1, K). Now we are left with three curvature-squared terms. Notice thatR µν = 0 andR = 0 for all solutions to Einstein gravity with negative cosmological constant. Thus we only need to consider the GB term L 4 (R), which contributes the following terms to the E.O.M
where P µαρσ = ∂L 4 (R)/∂R µαρσ . At leading order we have P αρσ µ
Thus, it is clear that the GB term L 4 (R) does not affect the E.O.M of order O(n − 1, K). This is indeed the case as we have seen in sec. 2.1. Now we finish the proof.
Finally, let us discuss the regularized boundary stress tensor of action (66). Let us firstly discuss the curvature-squared terms in action (66). Such terms are studied in [34] at the first order of c 
where d = 4 and Q ij is given by eq. (45) . Remarkably, the terms c 2 do not contribute to the regularized boundary stress tensor. This is actually expected since for an asymptotically AdS spacetime, we can rewrite the metric in Fefferman-Graham gauge
where γ ij = γ (0)ij +ργ (1)ij + · · · and the boundary is atρ → 0. Near the boundary, we have [24] 
Clearly, only terms (71,72) in action (66) are divergent and need to be regularized near the boundary. No counter terms are needed for the other terms for d = 4. In addition to the counter terms which make the action finite, one may worry about the Gibbons-Hawking-York (GHY) boundary terms which make a well-defined variational principle. For general higher curvature gravity, the GHY-like term is proposed in [35] . For K i (R), we have
where P µνρσ = ∂K i (R)/∂R µνρσ . So the GHY-like terms for K i (R) are harmless. The GHY-like terms and counter terms for curvature-squared are discussed in [34] , which yield eq.(69).
In conclusion, the regularized boundary stress tensor for higher curvature gravity (66) is given by eq.(69) in dimensions less than five (d = 4). It should be stressed that the GHY-like terms and counter terms for K 7 (R) and K 8 (R) are necessary when d ≥ 6.
f a (n)
Applying the methods of sect. 2.1.1, let us calculate f a (n) in general higher curvature gravity (66). Recall that Rényi entropy on spherical entangling surface is given by
with S BH (T ) the black hole entropy
To suppress the massive modes and ghost modes with M ∼ 1/c (n) i , we work in perturbative framework with c (n) i ≪ 1. After some calculations, we find the black hole solution as
where dΣ 2 3 is the line element for hyperbolic plane H 3 with unit curvature, and f (r), F (r) are given by
1 + 228c
27(1 + 8c
F (r) = 1 − 8(52c
7 + 3c
From the conditions
we find a consistent solution
1 − 84c
8 ) 27(1 + 8c
Substituting the above equations into eqs.(76, 77), we obtain
7 − 96c
Using the following relations [32] ,
7 + 96c
we can rewrite eq.(84) as
which is eq.(9) advertised in the Introduction.
We remark that although we work in linear order of c 
f c (n)
Now let us study f c (n) in higher curvature gravity (66). Similarly, we consider the first order variation (38) of the partition function with T ij computed on the undeformed hyperboloid background. Here T ij is the regularized boundary stress tensor given by eq.(69). The bulk metric takes the form
which approaches the deformed hyperboloid eq. (40) 
Applying eqs.(85,86,87), we can rewrite f c (n) as
Notice that f a (n) (88) and f c (n) (91) are consistent with identity (7). This is a non-trivial check of our holographic approach, in particular, the regularized boundary stress tensor eq.(69).
f b (n)
Finally, let us discuss f b (n) in the higher derivative gravity. Similar to the case of the GB gravity, the key point is to find deformed black hole solutions up to order O(K)
For traceless K aij , there is one independent equation of k(r). We find the solution at the linear order in (n − 1) is exactly the same as that of Einstein gravity, which agrees with the arguments below eq.(67). Modifications from the higher-curvature terms only appear at higher orders. Remarkably, at the next order O(n − 1) 2 , only c
1 , c
7 and c
8 contribute.
Following the approach of sect. 2.1.3, we obtain k(r) in large r expansion as
1 + 4224c
8 − 67) 432(1 + 8c
Substituting eqs.(93,79,80) and δγîĵ = r 2 ρ 2 K aîĵ x a into (38) and (47), we obtain
1 + 32c
7 − 16c 3 , we have performed a fifth order perturbation and find that they remains unchanged. In conclusion, our obtained results eqs.(9,10,11) are universal laws for strongly coupled CFTs that are dual to general higher curvature gravity. It is expected that there are no such universal laws at the next order, since the next order terms would involve the stress energy four-point functions which no longer admit any universal form.
The Story of Free CFTs
In this section, we discuss the universal terms of Rényi entropy for free CFTs. We find the holographic relations found in sect.2 also apply to free fermions and free vectors but not to free scalars. We find a combined relation which is obeyed by all free CFTs and strongly coupled CFTs with holographic dual. It seems that this combined relation is universal for all CFTs in four dimensions.
For the theory consisting of n s free real scalars, n f free Weyl fermions and n v free vectors, the functions f a (n) and f c (n) have been calculated explicitly in [8, 15, 36, 37, 38, 39] . We list the results as follows:
One can check that the above f a (n) and f c (n) satisfy the identity eq.(7). Assuming f b (n) = f c (n), we have
. (99) This is at least the case for free scalars [12] . Numerical calculations also support f b (n) = f c (n) for free fermions [17] .
According to [40, 41] , the stress tensor three-point functions for CFTs in general spacetime dimensions are completely determined in terms of the three parameters A, B, C as,
where for free 4d CFTs, we have 97,98,99) , we find exact agreements for fermions and vectors. However, there is discrepancy for scalars. As noticed in [20] , such discrepancy results from the boundary contributions to the modular Hamiltonian. Interestingly, we find the following combined holographic relations
are satisfied by all free CFTs including scalars. We conjecture these are universal laws for all CFTs in four dimensions. As mentioned in the Introduction, eq.(106) and eq. (107) are not independent, which can be derived from each other by applying eq. (7).
In the notation of [12] , our conjecture (106) becomes
where C T = 40 π 4 c for 4d. As the quantities h n and C D have natural definitions in all dimensions. It is expected that one can generalize our results to general dimensions. We will perform this analysis in the next section.
Universality of HRE in General Dimensions
In this section, we study h n (n) and C D (n) of holographic Rényi entropy for CFT in general ddimensions. We firstly consider the 3d case and then discuss the case in higher dimensions. We find that in general dimensions there are indeed similar holographic universal laws expressing h ′′ n (1) and C ′′ D (1) in terms of a linear combination of C T , t 2 and t 4 . And for all the examples we have checked, these holographic laws are obeyed by free fermions, but are violated by free scalars. Similar to what we did above for four dimensions, we are also able to find a specific relation involving linearly the quantities h ′′ n (1), C ′′ D (1), C T , t 2 and t 4 , which applies to free fermions, free scalars and strongly coupled CFTs with holographic dual. We conjecture that this relation holds for general CFTs.
To proceed, we apply the holographic approach developed in [10, 13] to derive h n (n) and C D (n) for general higher curvature gravity. This procedure treats the extrinsic curvature perturbatively. For our purpose, we only need to consider the linear order of the extrinsic curvature below. Inspired by [10, 13] , we consider the following bulk metric
whereK aîĵ is the traceless part of extrinsic curvature and we have ∂kK aîĵ = ∂ĵK aîk + O(K 2 ) for consistency [10] . According to [10, 13, 42] , h n and C D (n) can be extracted from the boundary stress tensor
The boundary stress tensor in general higher curvature gravity has been calculated in [32] , yielding that
and h (d) ij appears in the Fefferman-Graham expansion of the asymptotic AdS metric
Notice that the stress-tensor eq.(112) contains contributions from the g (0)ij in even dimensions [26] . These contributions reflect the presence of conformal anomalies. However, as argued in [10] , these terms do not affect C D (n) and h n 6 . So we have ignored them in the present paper. Note also that we use a seemingly different stress tensor T ∂Mij eq.(69) in sect. 2. Actually, the stress-tensor eq.(69) is equivalent to eq.(112) up to a rescaling and some functions of g (0)ij [26] < T ij >= lim
If we take the stress tensor eq.(112) instead of eq.(69) in the procedure of sect. 2, we get the same results for f b (n) and f c (n). The interested reader is referred to Appendix A for the proof of the equivalence. Now let us focus on the stress tensor eq.(112) from now on.
Comparing eq.(112) with eq.(110), one can read out h n (n) and C D (n). Let us take Einstein gravity as an example. The solution is given by
From the above equations, one can easily obtain
where g 0 and k 0 are constants which are not important 7 . Comparing eqs.(112,119) with the last equation of (110), one obtains [10, 13] 
Now let us turn to discuss the general higher curvature gravity (66). In general, it is difficult to find the black hole solutions for higher derivative gravity. For simplicity, we work in the perturbative framework of the coupling constants c (n)
i . Remarkably, we find the solutions behaving as
Here 'e' denotes effective. Using the above solutions, we can work out h 
where f d and C T are given by (113) and (114). h n and C D were first obtained for Einstein Gravity in [13] and for Gauss-Bonnet Gravity in [10] . Here we derive them for the general higher curvature gravity. It is remarkable that, when expressed in terms of M e and the β n 's, the coefficients h n and C D take on these very simple universal forms (124), (125). As a first check, our formulae agree with those of [13, 10] for Einstein gravity and Gauss-Bonnet Gravity. The holographic relations (124) and (125) are one of the main results we obtain for general dimensional CFTs. It should be mentioned that G N and c 
CFTs in Three Dimensions
In this section, we use the formulas obtained in the above section to study the universal behaves of h ′′ n (1) and C ′′ D (1) for 3d CFTs. We need to solve the E.O.M of general higher curvature to get the effective mass M e and β n . Note that the Gauss-Bonnet term is a total derivative in four-dimensional spacetime. Without loss of generality, we can set c (2) 1 = 0. After some calculations, we derive
7 − 4c
8 − 44c
8 ) 2r 6 (n − 1)
One can see that these solutions obey the behaving (122) and the effective mass is given by
Note that we have used the conditions f (r H ) = F (r H ) = 0 and T = 1 2πn to fix the constants of integration for f (r) and F (r), with r H given by
Solving k(r) up to order O(n − 1) 2 , we obtain
Substituting eqs.(128,131) into eqs. (124,125) , we obtain
where we have used [32] t 4 = 720(2c
8 ).
Now let us compare our holographic results with those of free CFTs. h n for free fermions and free scalars are calculated in [36, 20, 43, 44, 45] . And it is proved in [43, 44] 
for free fermions and scalars in three dimensions. For free Dirac fermions, we have [45] 
which exactly match the holographic results eqs.(132,133). However, similar to the case of 4d CFTs, mismatch appears for free scalars. According to [20, 43] , it is
for free complex scalars. It is found in [20, 45] there is discrepancy for h 
which is obeyed by free scalars, free fermions and CFTs with gravity dual. In addition to free CFTs and strongly coupled CFTs with gravity dual, it is interesting to investigate whether the 'universal law' (136) is obeyed by more general CFTs.
CFTs in Higher Dimensions
Let us go on to discuss h n and C D in higher dimensions. Similar to the cases of 3d CFTs and 4d CFTs, we need to solve the E.O.M in the bulk to get the effective mass and β n . Then we can derive h n and C D from the general formula eqs.(124,125).
By solving the E.O.M for the general higher curvature gravity (66), we obtain
7 f 7 (r) + c
7 F 7 (r) + c
1 m 1 + c
7 m 7 + c
and
Here
We have worked out the solutions case by case up to d = 9. Please refer to the appendix for these solutions. In summary we obtain:
CT and
given by
Note that the coefficients of t 2 and t 4 (t 2 ) in h . This is the expected result, which can be regarded as a check of our general formula (144,145). One can also check that the general formulas (144,145) reproduce the results of 3d and 4d CFTs. We remark that the holographic formula of h ′′ n (1) (144) agrees with the those of [20, 45] , which are derived by using three-point functions of stress tensor. As they have checked, the relation (144) for h ′′ n (1) works well for free fermions (up to d = 12) but not for free scalars (d > 2).
Before we end this section, let us make some comments about the possible universal relation between C D and h n . For general dimensions, the generalization of the 4d conjecture (8) is the statement [12] :
This relation can be motivated by the observation that if one assume (146) holds for free fermions and conformal tensor fields, one can prove C ′′ D (1) of these fields exactly match the holographic formula (145). Turning the logic around, if one assume free fermions and conformal tensor fields obey the holographic formulas (144,145) 8 , one can prove that the weaker relation
holds in general dimensions. In proving these, we have found useful the relations (114), (101), (102) and that
Tensor Constraint : 1
These constraints are consequences of the requirement of the positivity of the energy fluxes. Now it is easy to compute from (144,145) that
where in the last step we have used the unitarity constraint C T ≥ 0 and the scalar constraint (152). This shows that, unless d = 2 or if the scalar constraint is saturated 9 , the relation (147) and our holographic results (144), (145) cannot both be satisfied at the same time.
All in all, it is therefore interesting to look for a different relation between C ′′ D (1) and h ′′ n (1) like those of (12) for the 4d case and (21) for the 3d case, that would hold for all free theories as well as strongly coupled dual theories. To do so, we need the information of h ′′ n (1) and C ′′ D (1) of free scalars. h ′′ n (1) of free scalars is discussed in [37, 43, 45] in general dimensions. However, so far we do not know C ′′ D (1) in dimensions higher than four (d > 4). On the other hand, if we assume (147) holds for free scalars in general dimensions as has been suggested in [12] , then we obtain
which is such a 'universal law' obeyed by free scalars, free fermions, free conformal tensor fields and CFTs with holographic dual. Please refer to the appendix for the derivation of eq.(156). As a quick check, eq. (156) reproduces (12) and (21) for 4d and 3d CFTs, respectively. It is interesting to find out if the 'universal law' (156) is indeed valid for general CFTs. We leave this interesting problem and related questions for future work.
In summary, our holographic results (144,145) are obeyed by free fermions and conformal tensors but are violated by free scalars. According to [12] , it seems that the free CFTs satisfy (147). However, as we have proven above, this relation does not agree with eqs. (144,145) . So neither the relation (147) nor the holographic relations (144), (145)) can be universally true for all CFTs. Instead, we find that the suitably combined relation (156) is satisfied by free CFTs (including scalars) as well as by CFT with holographic duals, and stands a chance to be a universal relation satisfied by all CFTs.
Conclusions
In this paper, we have investigated the universal terms of holographic Rényi entropy for 4d CFTs. Universal relations between the coefficients f
in the logarithmic terms of Rényi entropy and the parameters c, t 2 , t 4 of stress tensor two-point and three-point functions are found. Interestingly, these relations are also obeyed by weakly coupled CFTs such as free fermions and vectors but are violated by scalars. Similar to the case of f ′′ a (1) [20] , one expects that the discrepancy for scalars comes from the boundary contributions to the modular Hamiltonian. Remarkably, We have found that there is a combination of our holographic relations which is satisfied by all the free CFTs including scalars. We conjecture that this combined relation (14) is universal for general CFTs in four dimensional spacetime. For general spacetime dimensions, we obtain the holographic dual of h n and C D for general higher curvature gravity. Our holographic results together with the positivity of energy flux imply
. And the equality is satisfied by free fermions and the conformal tensor fields if they obey the holographic universal laws. We also find there are similar holographic universal laws of h ′′ n (1) and C ′′ D (1). By assuming (147) for free CFTs, we find that for general dimensions, the relation (156) is obeyed by all the free CFTs as well as by CFTs with holographic duals. It is interesting to test these 'universal laws' by studying more general CFTs. We leave a careful study of this problem to future work.
one-point function
From eq.(157) and the asymptotic AdS metric in the FG gauge eq.(115), one can rewrite it in terms of < T ij > and δg (0)ij as
The boundary metric g (0)ij is given by (2.18) of [10] 
Actually, we can ignore the Q terms above, since it is of order O(K 2 ). For simplicity, we focus on the case of traceless extrinsic curvature K aîî = 0 as in sect.2. Using eqs.(112,119), we can derive the stress tensor inîĵ components for 4d CFTs as
From the above two equations, we get x a x b ) into eq.(159), we get
Integrating eq.(163) and selecting the logarithmic divergent terms, we obtain
where we have used C 
Notice that the constants g 0 and k 0 are canceled automatically in the above calcultions. Comparing eq.(165) and eq.(166) and using C T /f 4 = c 2π 2 , we finally obtain
f c (n) = − 3nM e 2(n − 1) c.
Recall that M e and β n are given by M e = − 2 3 (n − 1) + (336c
1 + 192c
7 − 96c 
B Solutions in General Higher Curvature Gravity
In this appendix we provide the solutions to E.O.M of the general higher curvature gravity (66), which are found to be useful for the derivations of holographic h n and C D in sect.4.2. For simplicity, we work in the perturbative framework of the coupling constants c 
7 + c
8 ) 4r 10 (n − 1)
k(r) = √ r 2 − 1 r + 1 r 5 (n − 1)(160 − (n − 1)(−30840c
7 + 15990c 
7 − 232c 
8 ) 6r 14 (n − 1)
k(r) = √ r 2 − 1 r + 1 r 7 (n − 1)((n − 1)(192696c
7 − 109704c 
7 + 7c
8 ) 49r 16 (n − 1)
k(r) = √ r 2 − 1 r + 1 r 8 (n − 1)((n − 1)(194304c
7 − 115392c 
8 ) 8r 18 (n − 1)
k(r) = √ r 2 − 1 r + 1 r 9 (n − 1)((n − 1)(715608c
7 − 441234c 
C Universal Laws in General Dimensions
h n for free comformally coupled scalars in even-dimensional space-time are calculated in [45] h n = (2π)
where d = 2l + 2 and a 
The first few polynomials are given by P
0 (t) = 1, P
1 (t) = 1 + 
